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Low degree minimal generators of phylogenetic semigroups 

Kaie Kubjas 



Abstract 

The phylogenetic semigroup on a graph generahzes the Jukes-Cantor binary model 

CO ' on a tree. Minimal generating sets of phylogenetic semigroups have been described 

for trivalent trees by Buczyhska and Wisniewski, and for trivalent graphs with first 

Betti number 1 by Buczyiiska. We characterize degree two minimal generators of the 

, phylogenetic semigroup on any trivalent graph. Moreover, for any graph with first Betti 

O ■ number 1 and for any trivalent graph with first Betti number 2 we describe the minimal 

<^ , generating set of its phylogenetic semigroup. 

(N 

1 Introduction 

o 

r ) • Let G be a graph. The phylogenetic semigroup on G is a set of labelings of edges of G 

by non-negative integers fulfilling some additional conditions. This set has naturally the 
structure of a semigroup by edge-wise addition. 

The phylogenetic semigroup on a trivalent graph was defined by Buczynska |Bucl2] as a 
generalization of the affine semigroup of the Jukes-Cantor binary model on a trivalent tree. 
Jukes-Cantor binary model is the simplest group-based model with the underlying group 
Z2. In |BBKMiT] . Buczynska, Buczyriski, Michalek and the author further generalized the 

T^ . definition of the phylogenetic semigroup to arbitrary graphs. This definition agrees with 

^sl" I Buczynska's definition for trivalent graphs. 

Besides phylogenetic algebraic geometry, phylogenetic semigroups appear in several 

^^ . other contexts. In j JW92| . Jeffrey and Weitsman quantized the moduli space of flat SU(2) 

f— ^ I connections on a two-dimensional surface of genus g using a real polarization. The di- 

C^ ' mension of the quantization is counted by integral fibers of the polarization, which are in 

one-to-one correspondence with the labelings of a trivalent graph G with first Betti number 
g that satisfy the quantum Clebsch-Gordan conditions. These labelings are exactly the 

k> I elements of the phylogenetic semigroup on G. Moreover, the number of labelings that sat- 

H ■ isfy the quantum Clebsch-Gordan conditions matches the Verlinde formula for the SU(2) 

- - - Wess-Zumino-Witten model in the quantum field theory |Ver88j . 

In more recent work, Sturmfels and Xu [SXIO] showed that the projective coordinate 
ring of the Jukes-Cantor binary model is a sagbi degeneration of the Cox ring of the blow- 
up of P"+3 at n general points. Manon generalized their construction showing that the 
algebra of SL2(C) conformal blocks for a stable curve of genus g with n marked points 
flatly degenerates to the semigroup algebra of the phylogenetic semigroup on a graph with 
first Betti number g with n leaves |Man09] . 

Low degree minimal generators of phylogenetic semigroups have been previously studied 
for trees and graphs with first Betti number 1. Phylogenetic semigroups on trees are 
generated by degree one labelings, known as networks |BW071 rDM12] . Buczynska studied 
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minimal generators of phylogenetic semigroups on trivalent graphs with first Betti number 
1. She proved that any minimal generator of the phylogenetic semigroup on a trivalent 
graph with first Betti number 1 has degree at most two, and explicitly described minimal 
generating sets |Bucl2j . 

We extend this result from trivalent graphs to general graphs, i.e. we describe the 
minimal generating set of the phylogenetic semigroup on any graph with first Betti number 
g < 1. Moreover, we characterize degree two minimal generators on trivalent graphs with 
first Betti number g > 1. 

We also specify the bound on the maximal degree of the minimal generating set for 
graphs with first Betti number 2. By [BBKMll] . the maximal degree of the minimal 
generating set of the phylogenetic semigroup on a graph with first Betti number 2 is at 
most three. We explicitly characterize when the maximal degree three is attained, and 
when the maximal degree is equal to two or one. If the degree three is attained, we describe 
the degree three minimal generators. 

Finally, we list maximal degrees of minimal generating sets of phylogenetic semigroups 
on some graphs with first Betti number 3, 4 or 5. We speculate that the maximal degree 
depends on the separateness of the cycles of the graph. Having low maximal degree is es- 
pecially interesting from the perspective of SL2(C) conformal block algebras as this ensures 
low maximal degree for the minimal generators of these algebras, see |Manl2) . 

In Section [51 we introduce basics about phylogenetic semigroups on graphs. In Section [31 
we give a shortened proof of Buczyiiska's theorem about minimal generators of phylogenetic 
semigroups on trivalent graphs with first Betti number 1, and we generalize the statement 
to general graphs with first Betti number 1. In Section [J we characterize degree two 
minimal generators on an arbitrary trivalent graph. In Section [5l we study the explicit 
maximal degree of the minimal generating set of the phylogenetic semigroup on a graph 
with first Betti number 2. In Section [6l we describe minimal generating sets of phylogenetic 
semigroups on trivalent graphs with first Betti number 2. In the last section, we list 
examples of these maximal degrees for graphs with first Betti numbers 3,4 and 5. 

2 Phylogenetic semigroups 

In this section, we define phylogenetic semigroups on graphs as in [BBKMlT] and recall 
some basic properties about these semigroups. 

Definition 2.1. Let G be a graph. A path in G is a sequence of unrepeated edges which 
connect a sequence of vertices. Moreover, we require the first and the last vertex to be 
either both leaves or equal. In the latter case, a path is called a cycle. A network is a 
disjoint union of paths. A cycle edge is an edge on a cycle of G. A cycle leg is an edge 
incident to a cycle edge, but is not a cycle edge. We denote the disjoint sum of graphs Gi 
and G2 by Gi U G2. We denote by G^ the graph obtained from G by cutting an internal 
edge e. More specifically, cutting an internal edge e means replacing e by two leaf edges ei 
and 62 where 5i(ei) = 9i(e) and 9i(e2) = 52(e). Here di{e),d2{e) denote endpoints of an 
edge e. 

Definition 2.2. Let T be a tree with the set of edges E and the set of inner vertices /. 
Define lattices 

Lt = {x e Z^ : y^ Xe e 2Z for every v £ 1} 



and 

together with the degree map 



L% = Lt 



deg : L^^ = Lt e I' -> I' 

given by the projection on the last sunimand. 

Definition 2.3. The lattice polytope associated with the Jukes-Cantor binary model on 
Tis 

Pt = convja; G Ly : Xe € {0, 1} for every e € E}. 

The phylogenetic semigroup t{T) on T is 

t{T) = cone(PT x {1}) n L^''. 

Definition 2.4. First Betti number of a graph is the minimal number of cuts that would 
make the graph into a tree. 

Given a graph G, we associate a tree T with a set of distinguished pairs of leaves to G 
and define the phylogenetic semigroup on G using the phylogenetic semigroup on T. We 
construct the tree T inductively on first Betti number g of G. If g = 0, then G itself is the 
associated tree. If g > 0, then we replace a cycle edge e by two leaf edges e' and e" where 
di{e') = di(e) and di{e") = 92(e). This replacement gives a graph with first Betti number 
g — 1 and a distinguished pair of leaves (e', e"). Doing this procedure g times gives a tree T 
and g distinguished pairs of leaves. Although the tree T and the set of distinguished pairs 
of leaves are in general not unique, the phylogenetic semigroup on G does not depend on 
the choices we make. 

Definition 2.5. Let G be a graph. Let T be the associated tree with a set of distinguished 
pairs of leaves {{e[, e'-)}. We define the phylogenetic semigroup on G as 



t{G) = t{t) n f]{ 



X„i = Xpii 



In other words, t{G) consists of those labelings of t{T) where the label on e^ is identical to 
the one on e^', and thus the labeling of T gives a labeling of G. Similarly, define the lattice 

Lg* = L?^ n P|(xe; = x^>>) 

i 

together with the degree map induced by the degree map of L?^ . 

The phylogenetic semigroup t{G) has a unique minimal generating set. We call the ele- 
ments of the minimal generating set minimal generators, or sometimes also indecomposable 
elements of t{G). 

As we often deal with trivalent graphs, we introduce notation specific to these graphs. 
Let G be a trivalent graph and v be an inner vertex of G. Let {ei, 62, 63} be the edges of 
the tripod and i^ a map that is locally an embedding of the tripod into G and sends the 
central vertex of the tripod to v. For oj € L^ denote 

In other words, a^, by,Cv measure the coefficients of u at the edges incident to v. 



Definition 2.6. The degree of a; € Lq at an inner vertex f G / is 

deg^(a;) := -{ay{uj) + K{u;) +c^(a;)). 

Lemma 2.7 ( |Bucl2) . Definition 2.18 and Lemma 2.23). For a trivalent graph G the phy- 
logenetic semigroup t{G) on G is the set of elements uj satisfying the following conditions 

[W]. parity condition: uj E L^, 

[+]. non-negativity condition: Ci;e > for any e £ E, 

[A], triangle inequalities: \av{u}) — by{uj)\ < Cy{uj) < a^^uj) + by{uj), for each inner vertex 
V £ I, 

[°]. degree inequalities: deg{ijj) > deg^(a;) for any v £ I. 

Let G be a graph and e an inner edge of G. Let e' and e" be new leaf edges obtained 
by cutting G at e, as illustrated in Figure [H Then uj € t{G) gives an element uJ G t{G^): 

- _ { oje if e ^ {e',e"}, 
'^" \ We ifee{e',e"}. 

On the contrary, given uJ S t{G^), it gives an element uj S t{G) if and only if cJe' = uJe"'- 

uJe if e / e, 



Up' it e = e. 



G 



Figure 1: A graph G^ obtained by cutting an inner edge e of G 

In |Bucl2j . a polygon graph G was defined as a graph with 2k edges, k of which form 
the only cycle of G and the remaining k edges are cycle legs. The use of polygon graphs 
simplifies the study of phylogenetic semigroups on trivalent graphs with first Betti number 
1. We generalize this definition to be able to simplify the study of phylogenetic semigroups 
on any graph. 

Definition 2.8. A graph G with first Betti number g > 1 is called a multiple polygon graph 
if for no edge e we can write G^ = G' U G" with G' or G" a tree with more than one edge, 
see Figure [2] for examples. A multiple polygon graph is a polygon graph if it has first Betti 
number 1. 

Lemma 2.9. Given a graph G with first Betti number g > 1, there exist non- cycle inner 
edges ei, . . . ,ek of G such that C^i'-'-'^fe = Go U Gi U . . . U Gk where Gq is a multiple polygon 
graph and Gi, . . . , G^ are trees. 



Proof. Choose all non-cycle edges e such that we can write G^ = G' Li G" with G" a tree 
with more than one edge and e maximal with this property, i.e. there is an edge e incident 
to e such that we cannot write G^ = G' U G" with G' or G" a tree with more than one 
edge. D 

Lemma 2.10. Let G be a graph and uj G 't{G)- Let e he a non-cycle inner edge such 
that G^ = G' \J G" with G" a tree. Then any decomposition of oj\gi G ''"(G") lifts to a 
decomposition of uj (^ '^{G). 

Proof. This lemma is stated for trivalent graphs in |Bucl2[ Lemma 2.31]. Since t{T) is 
normal for any tree T |DM121 Proposition 18], then the proof works for the general case 
exactly the same way as it does for the trivalent case. D 

Corollary 2.11. Let G he a graph and u E t{G). Let ei, . . . ,6^ he non-cycle inner edges 
such that G"^^''"'*^* = GqUGiU. . .UGk where Gq is a multiple polygon graph and Gi, . . . , Gk 
are trees. Then any decomposition of uj\gq G t(Go) lifts to a decomposition of uj £ t(G). 

Proof. We can use Lemma 12.101 iterativelv. D 

3 Graphs with First Betti Number 1 

In this section, we study minimal generating sets of phylogenetic semigroups on graphs 
with first Betti number 1. Buczyiiska did this for trivalent graphs |Bucl2j . We give a 
shortened proof of her result, and as a corollary describe the minimal generating set of the 
phylogenetic semigroup on any graph with first Betti number 1. 

Let G be a graph. Networks can be seen as degree one elements of t{G). We define uj 
corresponding to a network T in the following way: 

We = 1 if e belongs to F, 

We = otherwise. 

It follows from the definition of a network that the parity condition is fulfilled for uj at 
every inner vertex of G. Hence uj G t{G). We will often use the notion network for the 
corresponding labeling uj £ t(G). 

It has been shown for various classes of graphs that networks are in one-to-one cor- 
respondence with degree one elements of a phylogenetic semigroup |BW07l Lemma 2.3], 
|Bucl2l Lemma 2.26]. For an arbitrary tree this was stated in jBBKMlTl Section 2], but 
no proof was given. We did not find proofs for arbitrary trees or graphs in the literature 
and therefore will present them here. 

Lemma 3.1. Let T he a tree. There is one-to-one correspondence hetween networks and 
degree one elements ofT(T). 

Proof. We will prove the lemma by induction on the number of inner vertices of T. 
Base case: The statement of the lemma clearly holds for claw trees. 

Induction step: Let T be a tree with n > 1 inner vertices and uj E t(T) a degree one 
labeling. If T has more than one connected component, then by induction uj restricted to 
any connected component is a disjoint union of paths. Hence w is a disjoint union of paths. 



If T has one connected component, let e be an inner edge, ei, 62 new leaf edges obtained 
by cutting T at e and write T^ = Ti U T2. Then uj restricted to either tree is a disjoint 
union of paths. If Ue = 0, then u is the disjoint union of exactly the same paths. If We = 1, 
then the path of Ti containing ei and the path of T2 containing 62 are combined to one 
path of T containing e. Hence a; is a disjoint union of paths. D 

Lemma 3.2. Let G be a graph. There is one-to-one correspondence between networks and 
degree one elements ofT{G). 

Proof. We will prove the lemma by induction on first Betti number g of G. 
Base case: The statement of the lemma holds for trees by Lemma 13.11 
Induction step: Let G be a graph with first Betti number g > 1 and m € t{G) a degree one 
labeling. Let e be a cycle edge of G and ei, 62 new leaf edges obtained by cutting G at e. 
The graph G^ has first Betti number g — 1. Then co gives ZJ (z G^ that is a disjoint union of 
paths containing both ei, 62 or neither of them. If Wg = 0, then lo is the disjoint union of 
exactly the same paths. If Ue = 1, then there are two possibilities. Either there is a path 
in uJ with first edge ei and last edge 62 which lifts to a cycle in u. Or there is a path in uJ 
with first edge e' and last edge ei, and another path in tJ with first edge 62 and last edge 
e", where e',e" are leaf edges. These paths in uJ lift to a single path in oj with first edge e 
and last edge e' in G. D 

Corollary 3.3. Let G be a graph. All networks are included in the minimal generating set 

0fT{G). 

Proof. For any graded affine semigroup N^ all degree one minimal generators are included 
in the minimal generating set of N^. D 

Theorem 3.4 ( [Bucl2j . Theorem 2.29). Let G be a trivalent graph with first Betti number 
1 and UJ E t{G). Then uj is a minimal generator of t{G) if and only if it satisfies one of 
the following conditions: 



• 



• 



UJ is a network, or 

UJ has degree two, and satisfies the following three conditions 

(i) uje = 1, for all cycle edges e, 
(a) uje = 2, for an odd number of cycle legs, 
(Hi) uje = 0, for the remaining cycle legs. 

We give a shortened proof of this theorem. The following lemma will be an important 
part of it. 

Lemma 3.5. Let G be a graph with first Betti number 1. Let uj € t{G) be of degree d. Lf 
there is a cycle edge e with ujf. = Q or ujf, = d, then uj decomposes as a sum of degree one 
elements. 

Proof. Let e be a cycle edge and 61,62 new leaf edges obtained by cutting G at e. Notice 
that G^ is a tree. Then uj gives tJ € t{G^) that decomposes into degree one elements 
tJ = tiJi + . . . + Ud- Since {uJi)ei = (^)e2 for all i, the decomposition uJ = uJi + . . . +uJ^ gives 
a decomposition ui = ui + . . . + Ud oi ui £ t{G). D 
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Proof of Theorem \3.4\ By Corollarv l2.11l we can assume that G is a trivalent polygon graph. 
First we prove that any minimal generator of t{G) has degree at most two. Let a; G t{G) 
be of degree d. Let e be a cycle edge and ei, 62 new leaf edges obtained by cutting G at e. 
Then u gives U G t{G^) that decomposes as a sum of degree one elements w = uJi + . . . + uJd. 
If ijJJi)ei = (wi)e2 then oJi gives an element LOi G t{G). Otherwise there exists j such that 
(lJi)ei = (wj)e2 and {uJj)ei = ('^)e2; bccause cJei = ^€2- Thus uJi + cjj gives a degree two 
element cjj + Uj £ t{G). 

Degree one elements of t(G) are networks by Corollarv 13.21 By Lemma 13.51 all degree 
two indecomposable elements oj have We = 1 on all cycle edges e. Since G is a trivalent 
graph, we have Ue G {0, 2} for all cycle legs because of the parity condition. Assume We = 2 
for an even number of cycle legs ei, . . . e2k in clockwise order. Denote by Pi the path starting 
at ei and ending at ej+i (at eo for i = 2k). Then to decomposes as the sum of networks 
Pi U P3 U . . . U P2k~i and P2 U P4 U . . . U P2k- Hence for oj indecomposable cje = 2 for an 
odd number of cycle legs. 

Conversely, assume that uj G t{G) has degree two and fulfills {i),{ii),{ni). Suppose 
CO = oJi +UJ2, where oji,oj2 are networks. For all cycle legs e with We = 2 we have {uji)e = 1, 
since {uji)e < 1 for all edges e. Hence {uJi)e = 1 for odd number of leaves of G. But this is 
contradiction to the fact that oJi is a network. D 

Remark. We know from [Bucl21 IBBKMlT] that a minimal generator of the phylogenetic 
semigroup on a graph with first Betti number 1 has degree at most two. We showed this 
above to give a simple and self-containing proof. 

Corollary 3.6. Let G he a graph with first Betti number 1 and uj G t{G). Then uj is a 
minimal generator of t[G) if and only if it satisfies one of the following conditions: 

• UJ is a network, or 

• UJ has degree two, and satisfies the following three conditions 

(i) uje = 1 for all cycle edges e, 
(a) uje = 2, for an odd number of cycle legs, 
(Hi) uje = 0, for the remaining cycle legs. 

Proof. Let G' be a trivalent graph constructed from G in the following way: Replace all 
vertices v with valency higher than three by two new vertices v' and v" together with a new 
edge between them, let two edges incident to v be incident to v' and the rest of the edges 
incident to v be incident to v". Moreover, if v is on the cycle, let one cycle edge incident 
to V be incident to v' and let the other cycle edge incident to v be incident to v" . This 
assures that we do not add any cycle legs. After a finite number of replacements we get 
a trivalent graph G' . As in |BBKMfT[ Lemma 4.1], t{G) is the coordinate projection of 
r(G') that forgets coordinates corresponding to new edges. In particular, if u' G t{G') is 
decomposable, then its projection in r(G) is also decomposable. 

By [BBKM11| . any minimal generator of t(G) has degree at most two. Degree one 
elements are networks. We are left with describing degree two indecomposable elements of 
t{G). a degree two indecomposable element uo G t(G) is the coordinate projection of a 
degree two indecomposable element of t{G'). Since all cycle legs of G' are also cycle legs 
of G, then by Theorem 13.41 the conditions (i), (ii), {Hi) are fulfilled for u. 



Conversely, assume that the conditions (i), (ii), {in) are fulfilled. Suppose uj = toi +uj2, 
where wi, a;2 are networks. For all cycle legs e with Wg = 2 we have {uji)e = 1, since {uji)e < 1 
for all edges e. Hence {uJi)e = 1 for odd number of leaves of G' . But this is a contradiction 
to the fact that a;,- is a network. D 
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4 Degree Two Minimal Generators 

In this section, we describe degree two indecomposable labelings for any trivalent graph G. 

Lemma 4.1. Let G be any graph and uj G t{G) a degree two labeling. If there exists a cycle 
G' of G such that Ue = 1 for all cycle edges e G G' , coe = 2 for an odd number cycle legs e 
of G' and uJe = for the remaining cycle legs e € G' , then the labeling uj is indecomposable. 

Proof. If UJ decomposes, then a decomposition of uj restricts to a decomposition of ujIq/ G 
t{G'), where G' is a cycle together with its cycle legs. Thus the statement follows from 
Corollary [Ml □ 

Proposition 4.2. Let G be a trivalent graph and uj € t{G) a degree two labeling. The 
labeling uj is indecomposable if and only if there exists a cycle G' of G together with its 
cycle legs such that uj\qi £ t(G') is indecomposable. 

Proof. One direction follows from Lemma [4. 11 We show by induction on first Betti number 
of G that if UJ £ t{G) is a degree two indecomposable labeling then there exists a cycle G' 
together with its cycle legs such that uj\g' is a degree two indecomposable labeling. 

Base case: If first Betti number of G is 1, then the statement follows from Theorem 13.41 

Induction step: Assume that first Betti number of G is (/ > 1. If more than one 
connected component of G contains a cycle, then there exists a connected component C of 
G containing a cycle such that uj\c G t{C) is an indecomposable element of degree two. 
Since first Betti number of G is less than g, we know by induction that there exists a cycle 
G' of C together with its cycle legs such that uj\g' £ ^{G') is an indecomposable element 
of degree two. 

Otherwise all cycles of G live in the same connected component of G. If Wg = 1 for all 
cycle edges e, then by the parity condition oje S {0, 2} for all cycle legs e. In particular, 
none of the cycle legs is simultaneously a cycle edge and there exists a cycle leg e that 
separates some cycles of G. Let ei , 62 be the new leaf edges obtained by cutting G at e and 
write G^ = Gi U G2. Then uj gives uji G 't{Gi) and UJ2 G ■'"(G2) with at least one of them 
indecomposable, otherwise one could lift these decompositions to a decomposition of uj. By 
induction, for i with uji indecomposable there exists a cycle G' of Gi together with its cycle 
legs such that WjIc G t{G') is indecomposable. Thus uj\gi G t(G') is indecomposable. 

If there exists a cycle edge e with ujf, G {0,2}, then let ei and 62 be new leaf edges 
obtained by cutting G at e. The labeling uj G t{G) gives a labeling tJ G t{G^) that is 
indecomposable. Otherwise one could lift a decomposition uJ = uJi + uJ2io & decomposition 
UJ = uJi + 0J2, because (jJi)ei = (J^)e2- The graph G^ has first Betti number less than g. By 
induction, there exists a cycle G' of G*^ together with cycle legs such that uJ\g' € t{G') is 
indecomposable. Thus u\g' G t{G') is indecomposable. D 



5 Graphs with First Betti Number 2 

We know from [BBKMlT] that any minimal generator of the phylogenetic semigroup on a 
graph with first Betti number 2 has degree at most three. In this section, we wih exphcitly 
describe which phylogenetic semigroups have which maximal degrees of minimal generating 
sets for graphs with first Betti number 2. We will see that there are graphs with maximal 
degrees of minimal generators equal to one, two and three. Our analysis is based on five 
different cases depending on the structure of the graph - whether the cycles live in different 
components of the graph, share at least one edge, share exactly a single vertex, there is a 
single edge connecting the cycles, or the cycles are more than one edge apart from each 
other, see Figure [2] for latter four cases. 

Figure 2: A graph with (a) cycles sharing at least one edge, (b) cycles sharing exactly a 
single vertex, (c) a single edge connecting cycles, (d) cycles more than one edge apart from 
each other 

Remark. Assume a graph has a degree two vertex v. Denote the edges incident to v by ei 
and 62. By the definition of the phylogenetic semigroup on a graph, we have Uei = We2 
for uj G t(G). Hence elements of t{G) are in one-to-one correspondence with elements of 
t{G'), where G' is obtained from G by replacing ei and 62 by a single edge. To simplify 
future analysis, from now on we will assume that graphs posses no degree two vertices. 

Theorem 5.1. Let G be a graph with first Betti number 2. The maximal degree of a 
minimal generator of t{G) is 

• one if and only if G does not contain any cycle legs that are not cycle edges; 

• two if and only if G the cycles of G live in different connected components, or G 
contains at least one cycle leg that is not a cycle edge, all cycles of G live in the same 
connected component and are not separated by an inner vertex; 

• three if and only if the minimal cycles of G live in the same connected component and 
are separated by at least one inner vertex; 

We will study these different cases in Lemmas I5.2H5.7I 




Figure 3: Graphs with first Betti number 2 whose phylogenetic semigroups are normal 

Lemma 5.2. Let G be a graph with first Betti number 2 that does not contain any cycle 
legs that are not cycle edges. The maximal degree of a minimal generator of t{G) is one. 



Proof. The cycles of G live in the same connected component. Otherwise G would have a 
degree two vertex. If the connected component of G containing the cycles has one vertex, 
then it is isomorphic to the right graph in Figure [3l If the connected component of G 
containing the cycles has two vertices, then it is isomorphic to the left graph in Figure [3l 
The connected component of G containing the cycles cannot have three or more vertices, 
because every vertex must belong to at least two cycles. 

By computations with Normaliz [BIj, the phylogenetic semigroup of the left graph in 
Figure [3] is 

N{(1, 0,0,0), (1,1, 1,0), (1,1, 0,1), (1,0,1,1)}, 

where the first coordinate corresponds to the degree and the other three coordinates corre- 
spond to edges of G in any fixed order. 

By simple observation, the phylogenetic semigroup of the right graph in Figure [3] is 

N{(1, 0,0), (1,1,0), (1,0,1)}, 

where the first coordinate corresponds to the degree and the other two coordinates corre- 
spond to edges of G in any fixed order. D 

Lemma 5.3. Let G be a graph with first Betti number 2 and cycles living in different 
connected components. The maximal degree of a minimal generator of t{G) is two. 

Proof. Define to € t{G) of degree two as follows: Ug = 1 for all cycle edges e of a cycle G' 
of G, oje = 2 for one cycle leg of G' , and cje = for all other cycle legs of G' . Extend this 
partial labeling of G in any feasible way to a degree two labeling of G. By Lemma [4. 11 u is 
indecomposable. Hence the maximal degree of a minimal generator of r(G) is at least two. 
On the other hand, we show that every element uj G t(G) can be decomposed as 
a sum of degree one and degree two elements. By Corollary 13.61 u restricted to each 
connected component decomposes as a sum of degree one and degree two elements. These 
decompositions can be combined to a decomposition of a; S t{G) as a sum of degree one 
and degree two elements. Hence the maximal degree of a minimal generator of t(G) is 
exactly 2. D 

Let G be a trivalent graph and v be an inner vertex of G. Every element u € t(G) 
decomposes locally in a unique way into paths around an inner vertex v. This means that 
there exist non-negative integers Xy{uj), yv{^), Zv{uj) such that 



a^iuj) = Vvi^) + z^iu;), 
by{uj) = Xy{uj) + Zy{u}), 
Cviu;) = Xy{u;) +y^{uj), 



and Xv{uj) + yy{uj) + Zy{uj) < deg(a;), see also Figure HI 

Let T be a trivalent tree and uji,uj2 G t{T) networks. Let v be an inner vertex of T. Then 
either ay{uji) = ay{u}2), by{oji) = 6^,(^2) or Cv{oJi) = Cv{oj2), since ay{uji) + 6^,(0;,) + Cy{u>i) € 
{0,2} for i = 1,2. We denote this edge by e. By exchanging values of oji and uj2 on 
all edges of T that are on the same side with e from v, we get u;[,u;2 € t(T) such that 
uji + UJ2 = uj[ + UJ2. We call this operation branch swapping. 
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Figure 4: Notation for local paths at a vertex 

Lemma 5.4. Let G he a graph with first Betti number 2 containing at least one cycle leg 
that is not a cycle edge and two cycles sharing at least one edge. The maximal degree of a 
minimal generator in t(G) is two. 

Proof. By Corollary 12.111 we can assume that G is a multiple polygon graph. There is at 
least one cycle leg e' of G that is not a cycle edge for any of the cycles of G. Assume that 
e' is a cycle leg of a cycle G'. Define to of degree two as follows: uje = 1 for all cycle edges e 
of G', We' = 2, and Wg = for all other edges e of G. By Lemma HTTl the labeling uj G t{G) 
is indecomposable. Hence the maximal degree of a minimal generator is at least two. 

On the other hand, we show that every element to € t{G) can be decomposed as a 
sum of degree one and degree two elements. If G is not trivalent, then by |BBKMlT| 
Lemma 4.1] we can construct a trivalent graph G' with first Betti number 2 such that the 
maximal degree of the minimal generating set of t{G) is less or equal than the one of t{G'). 
Moreover, two cycles of G' share an edge. Hence we can assume that G is a trivalent graph. 

If there is a cycle edge e of G with Ue € {0,deg(a;)}, we construct the graph G^ with 
first Betti number 1 by cutting G at e. Denote the new leaf edges by ei and 62. The 
labeling u gives a labeling uJ oi G^. By Theorem 13.41 the labeling tJ can be decomposed as 
a sum of degree one and two labelings 

deg(aj) 
i=l 

where 



(Wi)ei = {^i)e2 



if We = 

deg(a^) if Ue = deg(a;) 

Hence the decomposition of uJ gives a decomposition of uj with all labelings having degree 
one or two. Prom now on we assume that there is no cycle edge e of G with Wg € {0, deg(a;)}. 

There are exactly two vertices of G incident to three cycle edges. We denote them by 
u and V. We construct a tree G' from G by replacing the vertex u with three new vertices 
ui,U2 and 1*3 as in Figure [5l The labeling w gives a labeling u' of G'. Abusing the notation 
slightly, we denote by 0^(0;'), bu{uj'), Cu{uj') the coordinates of w' corresponding to leaf edges 
with endpoints ui,U2,U3, respectively. 

The labeling oj' can be decomposed as a sum of degree one labelings 

deg(a;) 

-' = E -^ 

From this we want to construct a decomposition of w € t{G). To lift an element of t{G') 
to an element of t{G), the parity and the degree condition have to be satisfied at leaf edges 
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Figure 5: Construction of G" from G by replacing u with ui,U2,U3 

with endpoints ui,U2,U3. This is not true for ah oj'-. We need to combine and alter these 
elements. We will use local paths to assure the parity and degree conditions are satisfied. 
We will construct the decomposition of a; € t{G) iteratively. In each step we construct a 
degree one or two element oj* and then take oj := u) — uj* . 

Case 1. deg^(a;) = deg(a;). Note that Xu{oj)^yuioj)^Zu{oj) > 1, otherwise there would 
be a cycle edge e of G with uj^ = deg(a;). 

• If there is uj[ with exactly two of au(a;^), 6^4(0;^), 0^(0;^) equal to 1, then uj'^ can be lifted 
to a degree one labeling of G. 

• Otherwise if there is uj'^ with exactly one of au{u)[) ..huioj^) , Cu{u)[) equal to 1, then 
there is w' with all of au(a;'), 6„(a;'), c„(a;') equal to 1. Then oj'^ + uj'- can be lifted to 
a degree two labeling of G. 

• Otherwise there has to be uj[ with all of au(a;^), 6„(a;^), c„(aj^) equal to 0. Then there 
is uj'j with all of an(w'), 6u(a;' ), Cu(cj') equal to 1. After branch swapping of oj[ and uj'- 
at V, we get a labeling with exactly two values corresponding to a^, 6^, Cu equal to 1. 
It can be lifted to a degree on labeling of G. 

Case 2. degu(a;) < deg{uj). 

• If there exists oj[ with 0^(0;^) = fou(w0 = Cu(a;^) = 0, then uj[ lifts to a labeling of 

t(G). 

Otherwise consider two subcases: 
Case 2.1. x„(a;),7/„(w), z„(w) > 1. 

• If there is uj[ with exactly two of au(a;Q, 6„(a;Q, c„(a;Q equal to 1, then uj[ can be lifted 
to a degree one labeling of G. 

• Otherwise if there is uj[ with all of au{oj^) ,hu{oj^) , Cu{oj[) equal to 1, then there is w' 
with exactly one of au(w' ), hu{oo'j) , Cu{oj'j) equal to 1. Then oj[ + cj'- can be lifted to a 
degree two labeling of G. 

• Otherwise all oj[ have exactly one of 0^(0;^), 6„(a;^), CuioJ^) equal to 1. Since Xu{^) > 1 
there is uj[ with 0^(0;^) = Cu(a;9 = and hu{oj'j) = 1 and oj'- with au(aj') = 6„(w') = 
and c„(aj' ) = 1. Then uj'^ + uj', can be lifted to a degree two labeling for G. 

Case 2.2. Exactly two of Xu{uj),yu{^)^Zu{oj) > 1. It is not possible to have only one 
Xu{oj)-,yu{'^)-,Zu{oj) > 1, because we assumed uje > for every cycle edge e. We assume 
that Xn(w),y„(w) > 1, the other two cases are analogous. 

• If there is w^ with exactly bu{uj'i),Cu{uj'i) or au{uj'j),Cu{uj'i) equal to 1, then u'^ can be 
lifted to a degree one labeling of G. 
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• Otherwise if there is co'^ with exactly 0^(0;^), 6^(0;^) equal to 1, there is uj', with exactly 
Cu{iol) equal to 1, since c„(ct;) > au{uj) and Cu{uj) > bu{uj). After branch swapping 
uj'^ and Uj at v, we either get a labeling with all values corresponding to au,bu,Cu 
equal to or a labeling with values corresponding to bu,Cu equal to 1 or a labeling 
with values corresponding to a^, Cu equal to 1. They all can be lifted to a degree one 
labeling of G. 

• Otherwise if there is u'^ with all of au{uj[),bu{i^'j),Cu{uj'j) equal to 1, there is w' with 
exactly c„(a;') equal to 1, since Cu{uj) > dui^) and 0^(0;) > bu{uj). Then uji +ujj can 
be lifted to a degree two labeling of G. 

• Otherwise all to'^ have exactly one of au{uj^), bu{uj^), Cu{uj^) equal to 1. Since ^^(a;) > 1 
there is co'^ with au{uj'j) = Cu(w^) = and 6u(a;^) = 1, and w' with 0^(0;') = bu{uj',:) = 
and Cu{ujj) = 1. Then uj[ + a;'- can be lifted to a degree two labeling for G. 

At each step a degree one or two element is constructed. This assures that the iterative 
process comes to an end, because the degree of uj decreases. D 

Lemma 5.5. Let G be a graph with first Betti number 2 containing at least one cycle leg 
that is not a cycle edge and two cycles sharing exactly one vertex. The maximal degree of 
a minimal generator in t{G) is two. 

Proof. By Corollary [2TT] we can assume that G is a multiple polygon graph. There is at 
least one cycle leg e' of G that is not a cycle edge for any of the cycles of G. Assume that 
e' is a cycle leg of a cycle G'. Define uj of degree two as follows: uj^ = 1 for all cycle edges e 
of G' , 0Je> = 2 and We = for all other edges e of G. By Lemma WA\ the labeling oj G t{G) 
is indecomposable. Hence the maximal degree of a minimal generator is at least two. 

On the other hand, we show that every element uj G t{G) can be decomposed as a 
sum of degree one and degree two elements. We construct a trivalent graph G' from G as 
in |BBKMiTl Lemma 4.1] such the that the maximal degree of the minimal generating set 
of t{G) is less or equal than the one of t{G'). In particular, first we decrease the valency at 
the vertex v that is on both cycles. We replace it by vertices v' .,v" and an edge e between 
them such that e belongs to both cycles. We repeat replacing vertices until there are only 
trivalent vertices left. The graph G' has two cycles that share at least one edge, thus we 
can apply Lemma 15.41 D 

Lemma 5.6. Let G be a graph with first Betti number 2 where the two cycles are separated 
by a single edge e. The maximal degree of a minimal generator of t{G) is two. 

Proof. Define lo G t{G) of degree two as follows: We = 1 for all cycle edges e, Wg = 2 for 
the single edge separating cycles, and Ug = for all other edges. By Lemma 14. 1^ uj is 
indecomposable. Hence the maximal degree of a minimal generator of t{G) is at least two. 
On the other hand, we show that every element uj G t(G) can be decomposed as a sum 
of degree one and degree two elements. If G is not trivalent, then by |BBKMlT| Lemma 
4.1] we can construct a trivalent graph G' with first Betti number 2 such that the maximal 
degree of the minimal generating set of t{G) is less or equal than the maximal degree of 
the minimal generating set of t{G'). Moreover, we may assume that every time we replace 
a vertex f on a cycle by vertices v', v" and an edge between them, then v', v" belong to the 
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same cycle. This assures that the two cycles of G' are separated by a singe edge. Hence we 
can assume that G is a trivalent graph. 

Let ei, 62 be new leaf edges obtained by cutting G at e and write G^ = Gi U G2. The 
labeling to gives labelings wi of Gi and a;2 of G2. By Corollary 13.61 we can decompose wi 
and 002 as a sum of degree one and degree two elements. Because all degree two labelings 
in these decompositions have values or 2 corresponding to the edges ei and 62, we can 
combine decompositions of wi and 0J2 to get a decomposition of a; that consists of degree 
one and two elements. Hence the maximal degree of a minimal generator of t{G) is exactly 
two. D 

Lemma 5.7. Let G he a graph with first Betti number 2 where the two cycles are separated 
by at least one inner vertex. The maximal degree of a minimal generator of t{G) is three. 

Proof. By Corollary [2TTT1 we can assume that G is a multiple polygon graph. We need to 
specify a degree three indecomposable element uj € t(G). Fix an inner vertex v on the path 
between the two cycles of G and an edge e* incident to v that is not on the path between 
the two cycles. Define Wg = 2 for all cycle edges e and all edges e on the path between the 
cycles of G, Wg* = 2, and Wg = for all other edges e. 

We will show that u is indecomposable as a degree three labeling. By contradiction, 
assume uj = ui + 102, where deg(a;i) = 1 and deg(ti;2) = 2. We must have (ci;2)e = 1 for all 
cycle edges of G and {uj2)e = 2 for both cycle legs e that lie on the path between the two 
cycles. Hence also {uj2)e = 2 for all edges e that lie on the path between the two cycles. 
Thus (wi)e* = 2 . This leads to a contradiction, because deg(u;i) = 1. Hence w is a degree 
three indecomposable element in t{G). D 

Proof of Theorem 15. Jl Theorem follows from Lemmas I5.2H5.7I D 

6 Degree Three Minimal Generators 

In this section, we describe degree three minimal generators of phylogenetic semigroups 
on trivalent graphs with first Betti number 2 having at least one inner vertex between 
two cycles. Together with Lemma 13.21 Proposition 14.21 and Theorem 15.11 this completely 
characterizes minimal generating sets of phylogenetic semigroups on trivalent graphs with 
first Betti number 2. 

Let G be a trivalent graph with first Betti number 1 and oj a degree two indecomposable 
labeling. Label the cycle legs of G where u has value two by eo, . . . , e2k in clockwise order. 
Slightly abusing notation, we write Cj+j for Cj+j mod 2fc where i + j > 2k. Label by Pe',e" 
the path starting at a cycle leg e' and going in the clockwise direction until reaching a cycle 
leg e" . Write Pi for Pg^.e^+i- We say a cycle leg e is between cycle legs e, and ej, when e 
is between cycle legs e, and Cj in clockwise direction. 

Lemma 6.1. Let G be a trivalent polygon graph and uj G t(G) a degree three labeling. Then 
UJ cannot be decomposed as a sum of degree one labelings if and only if uj = uji + uj2 such 
that 

• deg(a;i) = 1 and deg(a;2) = 2, 

• UJ2 is indecomposable with value two on cycle legs eo,...,e2fc and value zero on all 
other cycle legs, 
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» iOllsPoUP2U...U P2k-2, P0UP2U... P2k-i U Pe2fe_2,e2, , PqU P2U . . . P2k-2 U Pe^^,e' 

where e' is a cycle leg between e2k o,nd cq or also the cycle path if k = 0. 

Proof. A degree three labeling uj can be always decomposed asoj = u;i+uj2 with deg(a;i) = 1 
and deg(aj2) = 2. We show that unless uji,uj2 are as in the statement of the lemma, we can 
alter wi , uj2 to get uj'i , UJ2 such that oji + uj2 = uj[ + 6^2 and 6^2 decomposes as a sum of two 
degree one labelings. 

If there is Pi such that it does not intersect the network oji , then the union of oJi and Pi 
is a network and the complement of Pi in uj2 decomposes as the sum of Pj+iUPj+sU. . .UPj_2 
and Pi+2 U Pi+4 U . . . U Pj_i. We will assume from now on that every Pi intersects uji. 

If there exist Cj and Cj such that neither of them is incident to a path in uji, then 
either Cj = 6^+2/ or &i = ^j+21 for some 1 < I < k. In the first case, let T be the union 
of paths in cji from Cj to Cj and define u}[ = u}i\T U Pj U Pj+2 U . . . U Pj-2 and CO2 = 
'^2\(-Pi U Pj+2 U . . . U Pj~2) U r. Then U2 decomposes as the sum T L) PjU Pj+2 U . . . U Pi-i 
and Pj+i U Pj+3 U . . . U Pi-2 U Pj+i U Pj+s U . . . U Pj^i- In the second case, the same discussion 
applies for i and j exchanged. We will assume from now on that there is at most one e, 
that is not incident to a path in oji. 

If cJi corresponds to the cycle path Pcycic and k > 1, then co decomposes as the sum of 
Pe2,ei and Peo,e2 U P3 U P5 U . . . U P2fc-i and Pe^.es U P4 U Pe U . . . U P2fc. Here we use that 

-fcycle U Pq U Pi U P2 = Peo,e2 U -fei,e3 U Pe2,ei- 

It there is a path Pe',e" in ^i such that not both e', e" belong to {cq, • • • , e2k}, then we 
consider five different cases: 



• 



If there is a path Pj such that e', e" are both between e^ and ej+i, define uj[ = uJi\P(,'^e" 
and a;2 = a;2 U Pe',e"- Since Pe',e" U Pj = Pg^.e" U Pe',ei+i) the labeling uj'2 decomposes 
as the sum of Pe^,e" U P^+i U P^+g U . . . U Pi_2 and Pg'.e^+i U Pi+2 U Pi+4 U . . . U Pi_i. 

If there is a path Pj such that e' is before Cj and e" is between Cj and Cj+i, define 

Uj[ = UJi\Pe',e" U Pe',e, and W^ = a;2\(Pi-l U Pi) U Pe,_i,e,+i U Pei,e"- Then UJi+UJ2 = 

bj'-Y + ^2, since Pe',e" U Pj-i U Pj = Pe' fii U Pei_i,ei+i U Pei,e"- Then bj'2 decomposes as 
the sum of Pe,_i,e!+i U Pj+2, . . . U Pi_3 and P^J^u U Pj+i U . . . U Pj_2. 

If there are paths Pei,e' and Pe",e in ^i such that e' is between Cj and Cj+i, and e" 
is between Cj^i and e^ and Cj = ei^2i+i for some < / < fc — 1, let F be the union of 
paths between Cj and Cj. Define u'l = a;i\r U Pj U Pi+2 U . . . U Pj_i and a;2 = W2\(Pi U 
Pj+2U. . .UPj_i)ur. Then (^2 decomposes as the sum of Pe-^e'UPj+iUPj+sU. . .UPj_2 
and r\Pe,,e' U Pj+i U P,-+3 U . . . U Pi_i. 

If there are paths Pei,e' and Pe",e in ^i such that the edge e' is between Cj and ej+i, 
the edge e" is between ej_i and Cj and e^ = eiJ^2i for some 1 < / < fc, let T be 
the union of paths between Cj and Cj together with Pg^^e' and Pe",e ■ Define w^ = 
u;i\ruP,-UP,-+2U. . .UPi_i and (^2 = W2\(P,-UP,-+2U. . .UPi_i)ur. Thenwg decomposes 
as the sum of r\Pe^,e' U Pj U Pj+2 U ... U P,-_2 and Pe^,e' U Pj+i U Pj+3 U . . . U Pi_2. 

If there are paths Pg^.e' and Pe^e" in wi such that the edge e' is between Cj and Cj+i, the 
edge e" is between Cj and Cj+i and Cj = ej+2z for some 1 < / < /c, let F be the union of 
paths in wi between Cj and e" without Pe^.e'- Define u'l = a;i\FUPi+iUPi+3U. . .UPj_i 
and (x'2 = ix'2\(Pj+i U Pj+3 U . . . U Pj-i) U F. Then ^2 decomposes as the sum of 
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Pe,.,e" U Pj+i U Pj+3 U . . . U Pj_2 and Pj U Pj+2 U • • • U Pi_i U r\Pe,,e"- If e^' = ei+2l+l 

for some < / < /c — 1 then the same discussion works for i and j exchanged. 

If none of the five if-conditions holds, then the unique path of the form Pg'.e" iii ^i such 
that not both e', e" belong to {cq, • • • , e2k} must be -Pg^.e' or Pe",ei+i with e/ e" between Cj 
and ej+i. 

If there is a path in oji of the form Pe^.e ) then we consider three different cases: 

• If there exists Pe^.e with Cj = eij^2i+i for 1 </</;; — 1, then define uj'^ = uji\P(,^^e- U 

Pi U Pi+2 U . . . U Pj-i and W^ = L^2\(Pi U P^+s U . . . U P,-_i) U Pe,,e^ . Since Pe„e, U Pj_2 = 

-Pei,ej_i U Pej_2,ej, then (^2 decomposcs as the sum of Pej,ej_i U Pj U Pj+2 U . . . U Pi_2 

and Pi+i U Pi+3 U . . . U P,_4 U Pe,_2,e, U Pj+1 U Pj+3 U . . . U Pi_i. 

• If there exists Pe^.e with Cj = ei^2i for 2 < I < k, assume that j = 0. Define uj[ = 

wi\Pe„e,. U Pe„e,_2 U P,_i and w^ = 0J2\{Pj~3 U P,_2 U P,_i) U Pj_3,j-i U P,_2,i. Then 

UJ1+UJ2 = Uj'i+Uj'2 since Pe^^gj UP,_3UP,_2UP,-_i = Pe.,ej_2 UPj_3j_lUP,_2jUP,_i. 

Then ojg decomposes as the sum of Pq U P2 U . . . U Pj_3j_i and Pi U P3 U . . . U Pj~2,j- 

• If there exist Pe^^ ,6,3 , Pe^-^ ,6^3 such that e^j = ej^+2/,ej2 = eji+2m for 1 < /,r?T, < A: and 
ej2 = ej^+2n+i for some < n < A; — 1, assume that Pjija is the next path with such 
property after Pii,J2 ^^ clockwise direction. Denote all paths between e^j and Cj^ in 
OJi by r. Define uj[ = UJi\T U Pi, U Pji+2 U . . . U Pj2_i and 6^2 = ^2\(Pn U Pji+2 U . . . U 
Pj2~i) U r. Then a;2 decomposes as the sum of r\ P^j ,ej U Pj, U Pji+2 U • • • U Pj^_2 
and Pji+i U Pii+3 U . . . U P,i_2 U Pe^-^ ,e,2 U Pja+i U . . . U Pii_i. If ej2 = ei,+2n for some 
1 < n < k — 1 then the same discussion works for i's and j's exchanged. 

If none of the three if-conditions holds, then only paths in cji of the form Pei,e can be 
Pi and at most one Pe e j_t 

Finally we have to show that wi cannot simultaneously contain paths Pej,e' &^d Pe ,e +2 
where i,j G {0, . . . ,2k} and e' is between e^ and Cj+i. We consider two different cases: 
Cj = 64+2/ for 1 < I < k — 1 and Cj = ej-(_2i+i for < / < /c — 1. If we have Pe',ei instead of 
Pg.^e' then we can apply the same discussion in the counterclockwise direction. 

In the first case there must be et with t = i + 2/ + 1 between e' and ej that is not 
incident to any of the paths in ui. Otherwise paths between e' and ej in uji would be 
Pj+i,Pj+3, . . . ,Pj~i, which is not possible, since Pej,ej+2 i^ in wi. Let T be the union of 
paths in wi between Cj and et- Define u}[ = uJi\T U Pj U Pj+2 U . . . U Pt-i and UJ2 = 
'^2\(Pi U Pj-i-2 U . . . U Pt~i) U r. Then ojg decomposes as the sum of F U Pj U Pi+2 U . . . Pi_2 
andPt+iUPi+3U...Pt_2. 

In the second case let F be the union of paths in oJi from e^ to ej+2- Define u;[ = 
uji\T U Pj U Pj+2 U . . . U Pj+i and UJ2 = uj2\{Pi U Pj+2 U . . . U Pj+i) U F. Then ^2 decomposes 
as the sum of Pe^,e' U Pj+i U Pj+3 U . . . U Pi_2 and F\Pe^,e' U Pj+3 U Pj+5 U . . . U Pi_i. 

If none of the previous is true for cj, then oj is as in the statement of the lemma. We 
will show that the only decomposition of oj is oj = uji + uj2- This implies that we cannot 
decompose w as a sum of degree one labelings as 0J2 is indecomposable. 

In all four cases, we have Wg > 2 for a cycle leg e if and only if e G {cq, . . . ,62^}- 
Moreover, We = 2 holds for at most one e G {eo, . . . , e2k}- We construct a decomposition 
u} = uj[ + oj'2 with deg(a;^) = 1 and deg(a;2) = 2. If cji = Pq U P2 U . . . P2fc-2 U Pe2k,e'-, then 
(wgje = 2 for all e G {eo, • • • , e2k} and {oj'2)e = for all other cycle legs. Indeed, there is 
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only one cycle leg e' left with value one, but since the sum of values on all leaf edges must 
be even we have {uj2)e' = 0- For the other three cases {uj'2)e = 2 for all e G {eo, • • • , e2A:}\e, 
since Wg = 3 for e G {cq, • • • , e2fc}\e. Thus also {uj2)e = 2, since the sum of values on all 
leaf edges must be even. It follows that (w2)e = 1 for all cycle edges, hence a;^ = Wj for 
i€{l,2}. n 

Corollary 6.2. Let G be a polygon graph and lo G t{G) a degree three labeling. Then oj 
cannot be decomposed as a sum of degree one labelings if and only if oj can be decomposed 
uniquely as u = oji + 0J2 with deg(a;i) = 1 and deg(6t;2) = 2. 

Corollary 6.3. Let G be a trivalent graph with first Betti number 1 and uj G t{G) a degree 
three labeling. Then uj cannot be decomposed as a sum of degree one labelings if and only if 
to = uJi + tJ2 such that 

• deg(a;i) = 1 and deg(a;2) = 2, 

• UJ2 is indecomposable with value two on cycle legs eo,...,e2k o-nd value zero on all 
other cycle legs, 

• wi restricted to the unique cycle with its cycle legs is Pq U i-*2 U . . . U P2k-2, Pq U P2 U 
• • • P2k~4: U -Pe2fc_2,e2fc; -Pq U P2 U . . . P2fc-4 U Pe2fc_2,e' whcrc c' is a cyclc leg between 
e2fc-2 oind e2k-i or also the cycle path if k = 0. 

Proof. The statement follows directly from Lemma 16.11 and 12.111 D 

Lemma 6.4. Let G be a trivalent graph with first Betti number 2 where the two cycles 
are separated by at least one inner vertex and u G t{G) a degree three labeling. Then uj is 
indecomposable if and only if the following conditions are fulfilled: 

(i) UJ restricted to any cycle with its cycle legs does not decompose as a sum of degree one 
labelings, 

(a) UJ restricted to an edge on the shortest path between two cycles has value one or two, 

(Hi) UJ restricted to exactly one edge incident to an edge on the shortest path between two 
cycles that is not a cycle edge or an edge on the shortest path has value one or two, 
and has value zero or three on all other such edges. 

Proof. By Lemma 12.111 we can assume that G is a multiple polygon graph. Depict the 
edges on the shortest path between the two cycles horizontally and edges incident to them 
vertically below them as in Figure [2] (c). 

Assume uj restricted to a cycle Gi together with its cycle legs decomposes as a sum of 
degree one elements. Let e be a cycle leg of Gi on the shortest path between Gi and the 
other cycle. Write G^ = Gi U G2. Then w decomposes on G2, and this decomposition can 
be extended to G. 

Assume there is an edge e on the shortest path between two cycles of G such that 
uje G {0, 3}. Let e', e" be new leaf edges obtained by cutting G at e and write G^ = G' U G". 
Then uj\q' and uj\g" can be decomposed as 

uj\g' = uj'i+ UJ2 and uj\g" = oj'l + UJ2 
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with deg(a;^) = deg{ijj'{) = 1 and deg{uj2) = deg(a;2) = 2. Furthermore, (a;^)e' = (wf)e" for 
i = 1,2 and hence they can be combined to a decomposition of uj. 

Assume now that the conditions (i), (ii) are fulfilled. The labeling u can be decomposed 
if and only if it can be decomposed as 

with deg(a;i) = 1 and deg(a;2) = 2. There is a unique way of defining uji and L02 on cycles 
and cycle legs by Corollary 16. 2i We try to construct a decomposition of w on all other 
edges step-by-step going from left to right such that the decomposition is compatible with 
the decomposition on the cycle legs on the shortest path between the two cycles, and study 
when there exists no such decomposition. Let e be the leftmost edge of the shortest path 
between two cycles where wi and uj2 are defined and let the vertex v be the right endpoint 
of e. We want to define by{uji) and c„(a;j) given a„(a;j) for i = 1,2. 

All possible local decompositions of u) at an inner vertex between the two cycles (as- 
suming that horizontal edges have values one or two) are presented in Figures O and [71 In 
Figure [6] the value of u at the vertical edge is zero or three. In Figure \7\ the value of to at 
the vertical edge is one or two. 



^r "^/f 



Figure 6: Degree three local decompositions, 1 



Figure 7: Degree three local decompositions, 2 

Given a local decomposition at v as in Figure E] and a^^uji), then there is a unique way 
of defining bv{uJi) and Cy{uJi). In particular, if aj;{uj2) € {0,2} then by{uj2) € {0,2}. If 
0'v{^2) = 1 then bv{uj2) = 1- Given a local decomposition at v as in Figure [7] and ay{uji), 
then there might be a unique way of defining by{uji) and Cy{uJi) or not depending on the 
value of ay{uj2)- If ay{uj2) G {0, 2} then by(uj2) = 1. If ay{uj2) = 1 then one can define either 
bvi^2) e {0,2} or by{u2) = 1. 

Let e be a cycle leg that is on the path between two cycles. If 00^ = 2, then {uji)e = 
and (t<j2)e = 2, because a degree two indecomposable element on a cycle can have only 
values zero and two on cycle legs by Theorem 13.41 If Wg = 1, then {uje)i = 1 and (a;e)2 = 
for the same reasons. Denote by Cr the cycle leg of the right cycle that are on the path 
between two cycles. 

If the horizontal path contains labelings only as in Figure El then by{uj2) G {0,2} for 
every vertex v on the horizontal path. In particular, {u}2)er ^ {0)2}, hence there exists a 
decomposition of uj. 

If at more than one vertex the local decomposition is as in Figure \7\ denote the first 
such vertex by v' and the last one by v" . For all the vertices v left from v' the value 
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by{uj) € {0,2} is uniquely defined. For v' we have by'{uj) = 1. For all the vertices v 
between v' and v" we can define by{u}) = 1: If the local decomposition at v is as in Figure [7] 
then we have this choice by the discussion below. If the local decomposition at v is as in 
Figure [6] then 6^(w2) = 1 since a^(a;2) = 1 again by the discussion above. For v = v" define 
bvi^2) G {0,2}. At all vertices v to the right of v" , we have local decompositions as in 
Figure El therefore by{uj2) G {0,2}. In particular, (a;2)e^ € {0,2} and the decomposition of 
CO on the horizontal path is compatible with the decompositions of w on both cycles. Hence 
uj is decomposable. 

On the other hand, if at one vertex v' the local decomposition is as in Figure [7] and 
at all other vertices the local decomposition is as in Figure [6l then 6t,(w2) G {0,2} for 
all vertices v left from v' and bv{uj2) = 1 for all vertices v to the right of v' including v' 
itself. In particular, {uj2)er = 1 which is not compatible with the values of li;2 on the right 
cycle. Since all steps have been uniquely determined, then uj cannot be decomposed. This 
completes the proof. D 

7 Examples 

In this section, we will list some examples of graphs with first Betti number 3, 4 and 
5 together with the maximal degree of the minimal generating set of their phylogenetic 
semigroupl^ Maximal degrees have been computed with Normaliz [BIJ. We will also show 
that for any natural number g there exists a graph G with first Betti number g such that 
the maximal degree of a minimal generator of t{G) is one. We note that the maximal 
degree tends to depend on the "separateness" of the cycles, exactly as for graphs with first 
Betti number 2. 

Example 7.1. Let G be the graph with first Betti number g that has two vertices and 
g + 1 edges between the two vertices, as illustrated in Figure El Then t{G) is generated in 
degree one. By cutting all edges of G, we get two claw trees T',T" with g + 1 leaves. Let 
a; € t(G) be a degree d labeling. Then w gives u' € T' and oj" € T" with uj' = uj" that 
we can decompose as a sum of d degree one labelings exactly the same way on both trees. 
Gluing the decompositions of uj' and uj" gives a decomposition of cj as a sum of degree one 
labelings. 




Figure 8: Graph with two vertices and seven edges 



'^We thank Christopher Manon for introducing us the trivalent graph with first Betti number 4 and 
maximal degree one, see Figure [TOl 
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Figure 9: Maximal degrees of the minimal generating set of t{G) where G is a graph with 
first Betti number 3 
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Figure 10: Maximal degrees of the minimal generating set of t{G) where G is a graph with 
first Betti number 4 
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Figure 11: Maximal degrees of the minimal generating set of t{G) where G is a graph with 
first Betti number 5 
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